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Flows of inelastic non-Newtonian fluids through arrays of aligned
cylinders. Part 1. Creeping flows
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Abstract. Numerical simulations are presented for flows of inelastic non-Newtonian fluids through periodic
arrays of aligned cylinders, for cases in which fluid inertia can be neglected. The truncated power-law fluid model
is used to define the relationship between the viscous stress and the rate-of-strain tensor. The flow is shown to
be dominated by shear effects, not extension. Numerical simulation results are presented for the drag coefficient
of the cylinders and the velocity variance components, and are compared against asymptotically valid analytical
results. Square and hexagonal arrays are considered, both for crossflow in the plane perpendicular to the alignment
vector of the cylinders (flows along the axes of the array as well as off-axis flows), and for flow along the cylinders.
It is shown that the observed strong dependence of the drag coefficient on the power-law index (through which
the stress tensor is related to the rate-of-strain tensor) can be described at all solid area fractions by scaling the
drag on a cylinder with appropriate velocity and length scales. The velocity variance components show only a
weak dependence on the power-law index. The results for steady-state drag and velocity variances are used in an
approximate theory for flows accelerated from rest. The numerical simulation data for unsteady flows agree very
well with the approximate theory.
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1. Introduction

The flow of Newtonian fluids through periodic arrays of cylinders has been studied extens-
ively, mainly because of its importance in many applications in heat and mass transfer equip-
ment. The main issue is the determination of the drag coefficient for a cylinder in the array.
This has been solved for creeping flows through square and hexagonal arrays [1, 2] and
random arrays [3] for the entire range of solid area fraction, both for (transverse) flow in
the plane normal to the alignment vector of the cylinders and for (longitudinal) flow along
the cylinders. More recently, the corresponding flows with small-but-finite and intermediate
Reynolds number have been studied [4].

Non-Newtonian fluid flow through arrays of cylinders is a model for flows through porous
or fibrous media, such as in the manufacture of fibre-reinforced materials. Prior work has
mainly concentrated on a sudden increase in pressure drop over arrays when the flow rate is
increased beyond a critical value [5-7], which has been attributed to elastic instabilities that
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cause the flow to become three-dimensional [8, 9]. The corresponding critical value of the
Deborah number De = AU/a (where A is the fluid relaxation time, U is the cell-averaged
velocity and a is the cylinder radius) is usually in the range 0-1-1. For values of De below
the transition value, the scaled experimental data are virtually independent of De, therefore
corresponding to the inelastic limit. The inelastic model used in the present study is therefore
appropriate for flows at small but finite Deborah number, De < 0-1, which are of practical
importance for viscoelastic fluids.

A possible complication is that in areas of small rotation and large strain, polymer mo-
lecules can be become highly elongated. Stretched molecules resist the extensional flow,
leading to very large extensional viscosity values [10]. The converging-diverging nature of
flow through arrays of cylinders (and porous media in general) may lead one to expect that the
extensional viscosity of polymers should have a significant effect on the flow [6]. However,
Talwar and Khomami [11] concluded from two-dimensional steady-state numerical simula-
tions of viscoelastic fluid flows through cylinder arrays that the extensional viscosity has only
a modest quantitative effect on the pressure drop over the array, and then only at significant
values of De. Liu et al. [12] showed that for the flow through a linear periodic array of
cylinders confined between two flat plates the effects of elongation are small and that the
flow is dominated by the shear flow behaviour of the fluid.

Given the dominance of shear in these flows, and the restriction to low values of De, the
fluid rheology may be approximated by a truncated power-law model, i.e., by supposing the
stress to be proportional to the shear rate to the power n, where n is the power-law index at
large shear rates, and at low shear rates the viscosity to be constant [13, Section 4.6].

In this paper we present a detailed investigation of creeping flows of inelastic fluids through
periodic arrays of cylinders using the truncated power-law fluid model. The effects of inertia
are the subject of a companion paper [14]. Previous work on these flows is very limited. Tanner
[15] studied the flow of a power-law fluid past a single cylinder in an infinite medium. He
showed that Stokes’ paradox for creeping flows is removed for shear-thinning (n < 1) fluids,
but not for shear-thickening (n > 1) fluids. In cylinder arrays, the shear rate is large near
the cylinder surface and zero on axes of symmetry, such that the viscosity varies significantly
throughout the flow, which may have a strong effect on the flow structure. It is surprising
therefore that in some earlier work the effects of shear-thinning could be scaled out. Since the
viscosity is a function of shear rate, a capillary flow model was used in [6] and [7] for power-
law fluids to calculate an approximate viscosity value that could be used to collapse their
data. Bruschke and Advani [16] presented their results for flows of power-law fluids through
cylinder arrays (restricted to flow along an axis of the arrays) in terms of a mobility factor
that made the results independent of the power-law index. On the other hand, Tanner [15] and
D’Alessio and Pascal [17] found no simple power-law dependence of the drag coefficient for
a single cylinder in an infinite medium. (Other related work includes [18], where a cell model
is used, rather than a periodic array, as a representation of random aligned fibres. Power-law
models have also been used in network models, to determine effective Darcy laws for inelastic
fluid flow through porous media [19, 20].) In this paper we aim to clarify the dependence of
the drag coefficient on the power-law index for arrays of cylinders with a variety of geometries
and flow directions.

The present study is not restricted to the calculation of the drag coefficient of a cylinder
in an array, or, equivalently, of the averaged velocity in the bed given the pressure drop over
the bed. The drag coefficient is all that is required for the description of steady flow through a
homogeneous bed, since an effective Darcy’s law is then valid, but for the description of more
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general flows, additional quantities are required. The equations of motion that describe general
flow through fixed beds can be obtained by ensemble-averaging the fluid flow equations. This
does not imply that the fibrous bed is assumed to be random: there may be significant structure
as long as the bed as a whole is positioned somewhat differently in each realisation of the flow.
The general form of the averaged (bulk) equations of motion is [21], with overbars indicating
ensemble-averaged values,
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where V is the averaged velocity vector (the velocity V is zero inside the cylinders), o is
the effective stress tensor in the bed, v; = V; — V; is the local deviation from the mean
velocity and f; is the force density due to the force exerted by the cylinders on the fluid. We
present results for the steady-state drag force in this study, but also address the added mass
force contribution that arises in unsteady flows. Darcy’s law is obtained from this momentum
equation by dropping all spatial and temporal derivatives, apart from the pressure gradient.

The term in (1) that involves the velocity variance v;v; can become significant compared
to the viscous stresses when the Reynolds number based on the bed dimensions is not small,
which may be the case while the Reynolds number based on the fibre diameter is still small.
Knowing the velocity variances is also useful for other purposes. The drag coefficient can
be expressed in terms of the cell-averaged fluid velocity (see (14) below) and any simple
scaling for the drag coefficient must therefore be corroborated by even simpler results for the
velocity variances. Also, Hill, Koch and Ladd [22] showed recently that for Newtonian fluids
the added mass coefficient of a sphere in an array can be related with good approximation to
the steady-state velocity variances (the corresponding problem for cylinders is addressed in
Section 8).

For these reasons, the numerical simulations of flow through periodic arrays of cylinders
presented here have been used to evaluate the velocity variances as well as the drag coefficient.
The simulations presented here can not be used for the determination of the effective stress
tensor for fixed beds, which would require simulation of shear flow through the array. This
problem does not occur for suspensions in which particulates are allowed to move freely, an
effective viscosity has been obtained for that case [23, 24]. The effective viscosity for flow of
Newtonian fluids through fixed beds can be obtained instead, for instance, by optimising the
predictions of the averaged equations for certain test cases, with the effective viscosity as the
fitting parameter [25, 26], by using the averaged equations in a self-consistent approximation
to obtain the permeability [3], or by using a homogenization technique [27].

We present the equations of motion for truncated power-law fluids in Section 2 below. In
Section 3 we describe the numerical method, and in Sections 4 and 5 we present the results for
the drag coefficient and velocity variance components, respectively. The results are compared
with a lubrication theory for concentrated arrays. The effects of the low-shear Newtonian
range and extensional viscosity are addressed in Sections 6 and 7. Results for unsteady flows
are presented in Section 8.
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2. Equationsof mation

Taking V as the velocity vector, P the pressure, t the viscous part of the stress tensor, and p
the density, the full equations of motion are,
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For generalised Newtonian viscous fluids, the stress tensor depends on the rate-of-strain tensor
through

Tij = 277Eijs (3)
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is the rate-of-strain tensor and » is a scalar function of the second invariant of the rate-of-
strain tensor IT = 2E,, E;; (summation over the indices k and [ is presumed). For many fluids,
the function 7 (IT) takes a power-law form (5 = KTI1"~Y/2) for sufficiently large values of
IT, with a Newtonian plateau (n = 1o =constant) at small values of IT. Such fluids have a
characteristic shear rate yp = (n9/K)¥ "~V that marks the transition between the two types
of behaviour. Several models have been proposed to describe viscosity functions of this form
[13, Chapter 4]. Here we chose the simplest, which is the truncated power-law fluid model:
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where Yo = (no/K)Y =Y and IT = 2E,,; E,; is the second invariant of the rate-of-strain tensor
(summation over the indices k and [ is presumed). The power-law fluid model corresponds to
the limiting case yp — 0. K and n are the power-law coefficient and index, respectively;
n < 1 corresponds to a shear-thinning fluid (i.e., the ‘viscosity’ (ratio of stress and strain
rate) is small in regions of large strain rates), n = 1 to a Newtonian fluid and n > 1 to a
shear-thickening fluid. A general discussion of the effect of fluid microstructure on rheological
properties can be found in [28, Chapter 14]. Shear-thinning fluids are much more common
than shear-thickening fluids, with usually n > 0-2. This study confines itself to n > 0-5.

The dimensionless number I = ypa/ U, where U is the magnitude of the averaged velocity
(that is, the velocity averaged over the unit cell) and « is the cylinder radius, is a measure of
the relative importance of the low-shear-rate Newtonian plateau. Initially we have used small
values for I" in order to expose as much as possible of the fluid to the non-Newtonian rheology:
the value of T" is small enough not to affect the results, unless indicated otherwise. In Section
6 we investigate the effect of increasing T.

Making the momentum equation dimensionless yields the Reynolds number Re = pa”
U2~ /K, where we have used the cylinder radius as the charateristic length scale of the flow
to scale the viscosity. Flows at finite Reynolds numbers are the subject of a companion paper
[14] and we shall restrict ourselves here to low-Reynolds-number flows. The Reynolds number
becomes independent of the velocity at n = 2, but we shall consider values of n not larger
than 1-5. The range of values of » that we consider in this study is therefore 0-5 <n < 1.5.



Flows of inelastic non-Newtonian fluids through arrays of aligned cylinders 61

The velocity field for creeping on-axis flow of a Newtonian fluid through a periodic array
has fore/aft symmetry (the velocity is an even, and the pressure an odd, function of position),
resulting from the linearity of the equations of motion and the symmetry of the geometry.
Although the equations of motion for creeping flows of power-law fluids are not linear, and
a superposition principle does not hold, the resulting velocity field exhibits the same fore/aft
symmetry in that case as well. This is the result of the underlying linearity in (2), and IT in (5)
not changing sign when the sign of the velocity vector is changed. We have however not made
use of this symmetry in our calculations.

3. Numerical method

We have adopted here an extension of the numerical method proposed by Zang, Street and
Koseff [29] for Newtonian fluids. Although this method has been documented extensively in
their paper (see also [30]) and has been used for a variety of problems, including large-eddy
simulations of jets [31], the motion of rising bubbles [32, Chapter 6] and other free-surface
flows [33], it is necessary to present this method in some detail here to explain how we have
accounted for the rheology of truncated power-law fluids. In regions of the flow where the
shear rate is small enough for the fluid to be Newtonian the method becomes identical to that
of Zang, Street and Koseff [29].

The method of Zang, Street and Koseff [29] is a finite-difference, fractional step method
using a non-staggered, body-fitted grid. The equations of motion are transformed from co-
ordinates x; into generalised coordinates &; and written in strong-conservation law form:
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Here J = 1/det (dx;/9¢;) is the Jacobian of the transformation, g/ = J~* (3§,,/9x;), b =
3, /0x;, GI™ = B b} is the mesh skewness tensor, and
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The generalised coordinates are defined so that the computational domain becomes a square
mesh, where the velocity components and pressure are calculated at the centre of each compu-
tational cell. Having written the momentum equation in strong conservation law form (6), the
spatial derivatives become the net addition of momentum fluxes into each cell. The momentum
flux through each cell face is approximated using the neighbour cell-centred velocity compon-
ents and pressure of neighbouring cells. The geometrical terms are approximated using the
coordinates of cell vertices for g, while 5" is calculated from the coordinates of cell centres.

Our extension of Zang, Street and Koseff’s [29] method is to allow the “viscosity’ to depend
on the rate of strain. As the viscosity only enters the equations of motion through the flux (7),
we have evaluated it similarly to the other terms on the right-hand side of (7), i.e., at cell faces
using cell-centred velocities of the neighbouring cells.
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To show how this changes the time-stepping procedure we shall now briefly summar-
ise Zang, Street and Koseff’s [29] method in more detail. At each timestep, denoted by a
superscript ¢, first a predictor step is made (resulting in a velocity field V*) without the
pressure term in (7). The Crank-Nicolson method is used for the viscous terms and the Adams-
Bashforth method for the convective terms. All off-diagonal viscous terms are treated expli-
citly; even in the diagonal viscous terms that are treated implicitly, the velocity gradients used
in the calculation of IT in (8) are kept explicit. The predictor step is, for a timestep At,
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and in the calculation (8) of IT for D; the old velocity field is used. The correction step is to
substract the pressure gradient times the timestep from V* ,

b
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Before the correction step is made, the pressure is calculated from the requirement that the
corrected velocity field should be incompressible,
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The connection between pressure and velocity is assured by interpolating the values of the
velocity components to the cell faces when evaluating the right-hand side of this Poisson
equation for the pressure. Zang, Street and Koseff [29] adopted a multigrid method to solve the
Poisson equation for the pressure. For our two-dimensional calculations the line Gauss-Seidel
method with alternating sweep directions was found to be sufficient.

The usual convergence test case for Newtonian fluid flows, an analytical solution of the
Navier-Stokes equations for decaying vortices, yielded results virtually identical to those
obtained by Zang, Street and Koseff [29]. No analytical solution for power-law type fluids
is available but a convergence test could be carried out for the flow across a square array of
cylinders using the symmetry of the problem. The main results of each simulation are the
cell-averaged fluid velocity components, V; (cf. (14) below). Convergence of this quantity
was tested for the case in which the pressure drop over the unit cell was specified to be the
same in each direction, such that V, should be equal to V. But the mesh that was used is
not symmetric about the diagonal, and a small error results. Convergence tests showed the
error V,/V, — 1 to be approximately of second order in the grid spacing. The code was
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(a) (b)
Figure 1. Geometries considered. Unit cell of a square array (a), and a hexagonal array (). Flow is either in the
(x1,x2) plane (transverse flow), or along the cylinders (longitudinal flow).

further tested against previous results for several Newtonian flows, for unsteady intermediate
Reynolds number simulations of flow through arrays of cylinders [4] and for Stokes flow
through arrays of cylinders [1, 3]. In Sections 4 and 5, the results for non-Newtonian fluids
are compared with asymptotic theories.

To avoid numerical difficulties, we have restricted our attention to n > 0.-5. For lower
values of n, significant errors in the pressure were found, particularly in cases where I' is
small.

Equations (6-7) have been solved numerically for flow through a unit cell of a periodic
array for both square and hexagonal arrangements of cylinders, as shown in Figure 1. In most
cases a mesh of 60 x 60 was used. In each case a pressure drop was applied over the unit
cell and the equations of motion were integrated over time until the solution reached a steady
state. The velocity vector is periodic in both directions, while the pressure drop over the unit
cell is specified in both directions, i.e., the pressure at the right face is equal to the pressure at
the left face minus the horizontal pressure drop, and the pressure at the top face is equal to the
pressure at the bottom face minus the vertical pressure drop, which is non-zero for off-axis
flows.
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4. Thedrag coefficient

4.1. ON-AXIS TRANSVERSE FLOWS AND LONGITUDINAL FLOWS

The pressure drop applied to the unit cell is balanced by the drag force on the cylinders.
Therefore, a force balance over the unit cell was used to obtain the drag coefficient. For on-axis
flows a simple scaling is used to introduce the drag coefficient C,,

F=Cy¢,n)nU, (14)

where F is the applied force per unit length of cylinder, n is a fluid viscosity scale, and
U = |V|. For now we shall use n = n, = K(U/a)"", where a is the cylinder radius.
Because F is simply the product of the applied pressure drop over the cell and the length
of the side of the cell, and is therefore known, the drag coefficient is obtained from (14) by
calculating the cell-averaged fluid velocity U.

4.1.1. Lubrication theory for concentrated arrays

For transverse flows at high solid area fractions the pressure drop over the unit cell is almost
entirely due to the large pressure drop over the narrow gap between the cylinders. The velocity
component in the main flow direction is O(U/¢), where ¢ = L,/a (see Figure 1). Spatial
derivatives in the main flow direction scale with £/?a, whereas those perpendicular to the
main flow scale with ea. From continuity, it follows that the transverse velocity component
is O(U/£'?). In the momentum equation, the pressure gradient, which is O (Ap/(ag'/?)), is
balanced by the divergence of the viscous stress, which is O (KU"a""¢~2"~1). Hence the
pressure drop over each gap is O(KU"a™" /e?"+1/2). The full result is, for square arrays with
solid area fraction ¢,

3/2_.1/2 1+2n\"T(2n+ %) ® 1/2 —2n-1/2
ce 1- (¢ —dmaxl < 1), (15)

n T'(2n +1) Bmax

with ¢pmax = /4, the maximum possible solid area fraction [34]. The result for hexagonal
arrays is essentially the same as (15), but with an additional factor of 3"*9/2 /2" on the right-
hand side and with ¢max = 7/(2+4/3). A lubrication theory has been derived previously by
Bruschke and Advani [16]. In their analysis some (but not consistently all) of the higher-order
terms are maintained, resulting in a more complex expression that agrees with the result above
in the limit of concentrated arrays. A similar lubrication theory for longitudinal flows is not
feasible since the flow is dominated by the interstitial regions rather than the narrow gaps.

4.1.2. Numerical results for on-axis flows

Figure 2a shows the drag coefficient for on-axis flows through square arrays as a function
of the power-law index, at different solid area fractions. A very pronounced dependence on
both the solid area fraction and the power-law index is observed. The solid lines show the
lubrication result (15), with which the numerical results are seen to agree well for all values
of n at high area fractions.

The variation of the drag coefficient with n depends on the choice of viscosity scale in the
drag coefficient, (14). We have used here simply the averaged fluid velocity and the cylinder
radius in the viscosity scale, i.e., n = n, = K(U/a)"~*. The shear rate (in IT, see (5)) in the
gap between the cylinders scales with the ratio of a velocity scale U, = Uc/L (with ¢ half
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(a) (b)
Figure 2. Numerical simulation results for the drag coefficient C; of a cylinder in a square (a) and hexagonal (b)
array as a function of power-law index n for area fractions 0-01 (d), 0-1 (A), 0-2 (D), 0-3 (0), 0-4 (V), 0-5 (%)
and 0-6 (x). The filled symbols are numerical simulation results by Tanner [15] for a single cylinder in an infinite
medium. The solid lines represent the lubrication theory (15). The dashed lines show the scaling result (16).

the height of the unit cell, see Figure 1) and a length scale L. The latter are approximately
the averaged velocity in the gaps between the cylinders and half the minimum gap size,
respectively. Hence, scaling the shear rate with the velocity averaged over the unit cell and
the cylinder radius introduces a dependence of C, on n.

A new drag coefficient C, can be introduced by using n = n, = K(U,/L)"~*in (14). In
general, C, will depend on n as well as on ¢. But we can absorb this dependence into L, so
that this new drag coefficient does not depend on n. Then equating both scaling relations of
the drag force, the drag coefficient defined by (14) is found to have the following dependence
onn:

(1-n)/2 L 2—2n
Ca(p,n) =Ca(¢,1) ( ¢ ) <—) : (16)

Pmax a

The value of L/a is thus equal to the ratio (¢max/@)Y* x (Cy(¢, n)/Ca(g, 1))Y/?=2M The
numerical simulation results for L /a are plotted in Figure 3. If the above argument explains
the dependence on n of the drag coefficient seen in Figure 2a, then L /a should be a function
of ¢ only. We see that this is indeed the case to a very good approximation for the values of
n simulated. There is a small decrease in L /a with decreasing n at low ¢ which is addressed
below. The results for L /a inferred from the lubrication theory (15) are also shown, revealing
only a small increase in L/a if n is decreased. The scaling is also appropriate at lower values
of n than considered here. Asn | 0, L/a reaches a constant in the lubrication approximation,
V879 (Pmax /D)4 (1 — (¢ /dmax) ), which is only 14% above the value at n = 1.5 at ¢ = 0-6.
After averaging L /a for each ¢ over the whole range of n, equation (16) has been used to plot
the values for C, in Figure 2a (the dashed lines).

Very good agreement was also found for the other geometries considered here, as can be
seen in Figure 2b for hexagonal arrays. Denoting the values of L averaged over n by £, the
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Figure 3. Numerical simulation results for the ratio L/a defined by (16) for a cylinder in a square array, as a
function of power-law index n at area fractions 0-01 (O), 0-1 (A), 0-2 (D), 0-3 (0), 0-4 (V), 0-5 () and 0-6 (x).
The lines are the lubrication theory (15).

resulting normalised values of £ for square and hexagonal geometries are shown in Figure 4,
both for on-axis transverse flow and longitudinal flow. Because .£/a changes strongly with
area fraction, we have normalised £ with half the minimum gap between the cylinders, L, =
((gbmx/¢)1/2 — 1) a (as indicated in Figure 1); the results for transverse flows are close to this
gap dimension. The results are larger for longitudinal flows because the fluid is not squeezed
through the narrowest gap between the cylinders.

We note here that £ can be interpreted as the appropriate lengthscale of the fluid velocity,
and the value of .£ is close to L,, which is a well-defined quantity (Figure 1). More precisely,
L is defined as the length scale that, when used in the choice of viscosity scale » in (14),
leads to a drag coefficient with minimal dependence on n. Trying to understand what L is for
a Newtonian fluid is not possible since, as is evident from (16), L is not defined for n = 1:
the viscosity scale in (14) is uniquely defined as the (Newtonian) fluid viscosity. Nevertheless,
and perhaps surprisingly, L /a appears to be continuous through n = 1 (Figure 3).

The creeping flow equations have no solution for a single cylinder in an infinite Newtonian
fluid, because inertial effects cannot be ignored far away from the cylinder. However, Tanner
[15] argued, using approximate analysis, that the Stokes paradox does not appear for n < 1.
He also presented numerical simulation results for the drag coefficient of a single cylinder
in a shear-thinning fluid which were obtained with a boundary element method; these are
shown in Figure 2a. Tanner’s results show a dependence on the power-law index which is
similar to that of the present results for periodic arrays. The n-dependence of his results for
the drag coefficient can therefore be understood as simply resulting from the length scale that
has been used in the drag coefficient definition; the appropriate length scale is nearly 20 times
the cylinder radius. The results for the periodic array are seen from Figure 2a to approach
Tanner’s results for small area fractions.

Bruschke and Advani [16] performed numerical simulations of on-axis creeping flows of
power-law fluids through square arrays of cylinders. They presented their results in terms of a
dimensionless mobility factor M, which can be shown to be equal to (¢max/d)+" /C,. They

showed that the quantity (M'(¢,n)/ M’ (¢, 1))1/ =" s virtually independent of the power-
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Figure4. The ratio «£/L ¢ obtained from fitting the numerical simulation data at each area fraction, as a function of
area fraction ¢. L is half the smallest gap size between the cylinders, ((dmax /)12 —1)a. (O), on-axis transverse
flow through square arrays; (A), on-axis transverse flow through hexagonal arrays; (O), longitudinal flow through
square arrays; (¢), longitudinal flow through hexagonal arrays; (+), inferred from numerical simulation results for
square arrays by Bruschke and Advani [16]. The line corresponds to L/a (numerically integrated over n) obtained
from the lubrication theory (15), for transverse flow through square and hexagonal arrays.

law index. This quantity can be shown to be equal to (L /a)~2, and we have plotted Bruschke
and Advani’s results in Figure 4. The agreement with our results is good. Experimental data
by Sadig, Advani and Parnas [35] for the mobility factor showed reasonable agreement with
Bruschke and Advani’s calculations [16] (the deviations were within 30%). We have not been
able to convert the experimental data by Sadig, Advani and Parnas [35] into drag coefficients
because of apparent inconsistencies in their viscosity data. In [14] we do present a comparison
with the experimental data of Adams and Bell [36] for flows at finite Reynolds numbers.

Although .£/a hardly shows any dependence on the power-law index, the velocity field
varies significantly with n. In Figure 5 we show velocity profiles across the narrowest part
of the gap between the cylinders. The shear rate near the cylinder surface is seen to increase
strongly with decreasing n, as expected; but the length scale over which the fluid velocity
changes in the bulk is the same for all values of » and there is no significant effect on the
result for L/a.

4.2. OFF-AXIS TRANSVERSE FLOWS

For off-axis flows of Newtonian fluids at zero Reynolds number the drag force is aligned with
the averaged velocity due to the linearity of the equations of motion and the symmetry of
the array. Off-axis, finite-Reynolds-number flows of Newtonian fluids, for which this linearity
no longer holds, have been investigated in [4]. The equations of motion for creeping flows
of power-law fluids are also nonlinear in the velocity and we do not expect the drag force to
align with the averaged velocity vector in this case either. However, the flow field retains the
symmetry property (X - —X, v — v, P — — P) where x is measured relative to the cylinder
centre and P is measured relative to a suitable reference value. This is a generalisation of the
fore-aft symmetry for on-axis flows.
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u/U

Figure 5. Velocity profile across the narrowest part of the gap for a square array with solid area fraction ¢ = 0.01
and power-law index n = 0.5 (dashed line), n = 1 (solid line) and n = 1.5 (dash-dotted line). Y is in the surface
normal direction and is normalised to half the gap width.

4.2.1. Lubrication theory for off-axis flows

The lubrication theory for on-axis flows is generalised to off-axis flows through concentrated
arrays by adding the pressure drops over each gap. The lubrication theory shows that the
pressure drop through each gap in the array is proportional to the local flux Q to the power n,
so that, for square arrays, F; ~ V:’, where F; is the i-component of the force on a cylinder in
the array [34]. Denoting the angle between the force and the x;-axis (an axis of the array) by
6, and the angle between the averaged velocity and the x;-axis by 9,

tan 0 = (tan 6p)7 (1§ — dmexl < 1) 17)

Thus the averaged velocity of shear-thinning fluids through a concentrated square array is,
for large values of ¢, more aligned with the nearest axis of the array than the drag force is.
This is a consequence of the pressure drop over a channel being proportional to the flux to the
power n. For the gaps over which the pressure drop is smaller the resulting flow is smaller by
a greater factor. Koch and Ladd [4] showed that Newtonian fluids at small-but-finite-Reynolds
numbers behave in an opposite manner, and we should expect the same for shear-thickening
fluids in creeping flow as is shown by equation (17).

For hexagonal arrays, F; = \/§(Ap)1 and F, = (Ap),, and contributions to the pressure
drops (Ap); arise from several gaps (Figure 1b), each being proportional to the appropriate
volume flux to the power n. Taking the width of the unit cell in Figure 1b to be unity, as-
suming that the flow is directed towards the right or towards the upper right corner, and only
considering the top half of the unit cell, it follows that,

5~_(&@ﬁf1%)+(i@ﬁ+1%)+vg (18)
2 2 2 2
as well as a similar expression for F;, with the same proportionality factor. It is convenient to
normalise the tangents of 6 and 6, with 1/+/3, i.e., the tangent of the symmetry angle. Using
the notation i = +/3tan 6 and up = /3 tan 65, we find,

_ B+ -B-w"+2ew"
d B+ + B —

(1¢ — dmax| < 1). (19
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Figure 6. The ratio of the drag coefficient for off-axis transverse flow through square arrays to the on-axis drag
coefficient (a) and the ratio of the tangent of the angle 6 that the averaged velocity makes with the nearest axis of
the array and the tangent of the angle 6 that the applied pressure drop over the array makes with the nearest axis
of the array (b), as functions of the tangent of the angle 65 for n = 0.7 at different area fractions: (O0), ¢ = 0.1;
(A), ¢ =0-3; (D), ¢ = 0-5. The lines are the lubrication results (20) and (17).

The drag coefficient for off-axis flows is defined by (14). From F = |F|, U = |V|, and
using (17), we obtain C4 (@) ~ (V" + Va)Y2/(V- + V4)"/2. The magnitude of the force is
therefore related to that for on-axis flows for concentrated square arrays by,

)1/2

C (6 1+ (tan 65)?
«0p) _ (14 (tan 6;) — (b — el < D). (20)

Ca0) (1 + (tan 65)¥")

The drag coefficient for off-axis flow through hexagonal arrays is obtained similarly, resulting
in,

Colur) _ (9+3u%)7""

Ca(0) 2V/3

{3[@+w"+ @3- w7

)11/2
+[@+w" - G- +2ew' T (21)

which is written in terms of 6 rather than 6, for convenience. Both expressions show a gradual
increase of the drag coefficient with increasing 6, up to the corresponding symmetry angle.

4.2.2. Numerical results for off-axis flows

In Figure 6a the drag force coefficient ratio C,(6r)/C,(0) is shown for square arrays at n =
0-7and ¢ = 0-1, 0-3 and 0-5 as a function of tan 6r; the ratio tan 6/tan 65 is shown as a
function of tan 65 for the same area fractions in Figure 6b. The drag force is seen to be almost
aligned with the averaged velocity at low area fractions (the velocity makes a somewhat larger
angle than the drag force with the nearest axis of the array), and to gradually decrease in
magnitude for off-axis flows. For higher area fractions, the opposite is true, the force increases
for off-axis flows and is less aligned with the nearest axis of the array than is the averaged



70 PD.M.Spdtetal.

'

S

Figure 7. Fluid viscosity field for off-axis flow of a power-law fluid (n = 0-7) through a square array at solid area
fraction ¢ = 0-1 with tan 6z = 1. Dark regions correspond to large viscosity values.

velocity. The results are seen to approach the lubrication expressions (17) and (20) for high
area fractions. The corresponding results have been computed for hexagonal arrays, these are
similar to those for square arrays, with the difference that the drag coefficient increases slightly
with 6, for all values of ¢ considered. Also, the drag force is always less aligned with the
nearest axis of the array than is the averaged velocity. At zero area fraction the drag coefficient
should be independent of flow direction. When the area fraction value is decreased from 0-3
to 0-1 the drag coefficient undershoots this limit for square arrays, becoming smaller than for
on-axis flows; no similar trend occurs in hexagonal arrays.

In Figure 7 the local viscosity is shown for power-law fluid flow (» = 0-7) at an angle of
45° with ¢ = 0-1; we see that a ‘plug-flow” region of very high viscosity has formed around
the 45° axis. This region is much smaller for on-axis flows, and hence the drag coefficient is
smaller for off-axis flows. Furthermore, for slightly off-axis flows the formation of the plug-
flow region leads to the averaged fluid velocity being aligned more with the 45° axis, which
explains why at ¢ = 0-1 the fluid velocity makes a larger angle with the nearest axis of the
array than the drag force.

The main trend in the results is simply the approach towards the lubrication theory result
as ¢ is increased. Although the creeping flows of power-law fluids are not related to flows of
Newtonian fluids at moderate Reynolds numbers (Re > 50), Koch and Ladd [4] found very
similar results for the latter: the magnitude of the drag increased whereas the averaged velocity
tended to align with one of the axes of the array. They demonstrated that the horizontal velocity
component was larger below than above the cylinder, which, together with a slight asymmetry
in the wake, caused a significant vertical drag (lift) force component whereas the averaged
velocity was almost aligned with the horizontal axis. As in the current work, it was found that
it is generally more difficult to force fluid through an array in a direction other than an axis of
the array.
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Figure 9. Dimensionless velocity variance compon-
ent in the direction of the mean flow R, for on-axis
flows of power-law fluids through square arrays as
functions of power-law index n at solid area frac-
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(V), 0-5 () and 0-6 (x). The line is the lubrica-
tion theory (23) for the square array with solid area

fraction ¢ = 0-6.

5. Velocity variances

5.1. ON-AXIS TRANSVERSE AND LONGITUDINAL FLOWS

The velocity variance tensor for on-axis flow (in the x;-direction) through a periodic array is
written as,

T = (V= VOV, = V) = Ri(.m) Vo', (22)

where an overbar denotes the average over the unit cell. Very little is known about the velocity
variance in periodic arrays, even for Newtonian fluids. Traditionally, the Reynolds number of
the macroscale flow is assumed to be small as well as that for the microscale. Also, the velocity
variances could be neglected in the development of analytical results for the drag coefficient in
the dilute limit [21]. Recently, however, results have been presented for velocity variances for
periodic arrays of spheres [22] and for random arrays of cylinders [37]. We test here whether
our results for the velocity variances are consistent with the simple scaling obtained for the
drag coefficient (and hence, for the cell-averaged velocity), which suggests that the velocity
variances do not depend significantly on the power-law index. The velocity variances are also
required for the description of unsteady flows in Section 8 below.

The velocity variance component R}; for on-axis flows of Newtonian fluids through square
and hexagonal arrays is shown in Figure 8 as a function of area fraction. Since the fluid is
greatly accelerated as it passes through the narrow gap between the cylinders at high area
fractions the velocity variances strongly increase with area fraction. A lubrication theory for
R, for square arrays is also shown. At high area fractions the main contribution to the cell-
average of V;2 comes from the narrow gap between the cylinders. This does not hold for V.2, so
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that a lubrication approximation for R, can not be obtained. In the gap, V2 is of O(U?/¢?);
the gap size is of O(a?s*?), so that the integrated square of the velocity is of O (U?a?/&/?).
Therefore, Rj; is of O (¢~%/?). The exact expression is, for square arrays,

5 (142 1/4 172\ ~1/2
Rflzf;rj_; ") (¢¢ ) (1_(¢¢ ) ) (l¢ — dmax| < 1).  (23)

This result has been plotted together with the numerical results in Figure 8. The lubrication ap-
proximation for the velocity variances becomes valid only at very high area fractions because
it decreases only with the inverse square root of the gap size whereas for the drag coefficient
lubrication theory the pressure gradient is integrated, which decreases with the gap size to the
power —2n — 1/2. The lubrication theory for Ry for the hexagonal array was found to be
applicable only at area fractions that are even higher. The result for hexagonal arrays is

-1/2
o Lo e _ G242 (¢ NV o \"
Ry = 3R, Ry = / > :3n . (¢max) 1- <¢max> (24)

(19 — dmax| K 1).

It is interesting that the ratio Rj,/R7; remains close to 1/3 even for modest values of ¢.

For flows of Newtonian fluids through dilute arrays the exact solution can be used in the
point-force approximation [38] to obtain an explicit result for the velocity variances. The
velocity disturbance generated by the cylinders is,

V(X) = Z‘ V(K)exp (—27ik - x), (25)
k0

where k is the wavenumber vector made dimensionless with the distance between neighbour-
ing cylinder centres, k = |K| and,

F-(I —kk/k?)

Vo = - 1(21k)2

(26)
The force on a cylinder in a dilute square periodic array for Newtonian fluids has been
calculated by Hasimoto [38] and Sangani and Acrivos [1],

F=4zuU (log "2 - 0738+ 0(¢)) " (¢ < 1). @7)

Integrating disturbance velocity products over the unit cell yields single summations over
wavenumber space [22]. We determined these summations numerically, and the final results
for the dimensionless velocity variance components are, for square arrays,

R3, = 0-135R};, Rj; = 0-269 (log ¢ /> — 0-738 + 0(<;s))‘2 (p<l). (28)

From Figure 8 we see that the numerical simulation data for ¢ = 0-01 are in agreement with
these asymptotic results.

Figure 9 shows Rj; for on-axis flows through square arrays, plotted against the power-
law index n at different area fractions. Also shown is the lubrication approximation (23) for
the square array with ¢ = 0-6. The results for hexagonal arrays, and for R3, in longitudinal
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flows through square arrays, are very similar to the results for the transverse flow case and are
therefore not reproduced here. The velocity variance is seen to be only weakly dependent on
n at all area fractions. Also, the dependence of R;; on n was found to be of the same order as
that of R;,, which is much smaller in magnitude: the changes in the structure of the velocity
field with power-law index are not sufficient to alter the velocity variances. This is consistent
with the results presented in the previous section for the drag coefficient (which is related to
the averaged velocity, the first moment of the velocity vector field), which was found to obey
a simple scaling relation.

5.2. OFF-AXIS TRANSVERSE FLOWS

The definition (22) is generalised for off-axis transverse flows in the form,

- ~ 7 7 7 * 7 2 2
viv; = (Vi =V)(V; =V;)=R;j(¢,n,0)V;V;+Ry(d,n) (Vz 8i16j1+ V1 5i23j2> . (29)

where no summation over i and j is presumed. This new definition is expected to give the
smallest dependence of R;; on the angle between the drag force and an axis of the array. The
last terms on the right-hand side account for the finite value of R, for on-axis flows.

In Figure 10 the three components of the velocity variance tensor are shown as functions
of tan 65 at several area fractions for flows of shear-thinning fluids (» = 0.7) through square
arrays. It is seen that Ry, is an order of magnitude smaller than the normal velocity variances,
indicating a decorrelation between the velocity components. From symmetry arguments we
expect that R, is equal to Ry, for all ¢ at tan 6 = 1, which is confirmed by Figure 10. None
of the components of R;; show a significant dependence on the angle the force makes with the
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Figure 12. Drag coefficient for a cylinder in a square array as function of the dimensionless transition shear rate
I' =ypa/U.(O), ¢ =01,n =05 (A),¢ =01 n =08, (O)¢ =03n=05 (), ¢ =03 n =08
Open symbols are for on-axis flow, filled symbols for off-axis flow with & = 45°. The solid lines indicate the
Newtonian result (30) at large T" and the dashed lines are the asymptotic power-law fluid result at small T, all for
on-axis flows. The dotted lines indicate the asymptotic power-law fluid results for off-axis flows.

axes of the array. Hence Rz, ~ Ri1 ~ Rj; (which showed no significant dependence on the
power-law index).

Results for the velocity variances for off-axis flows through hexagonal arrays are shown
in Figure 11, for the normal component along one of the axes of the array R, = vf/Vi, the
trace RS, = v;vr/|V|? and the off-diagonal component R, = v1v,/(V1V>). No significant
flow-angle dependence is seen, so that simply on-axis flow values can be used for the normal
velocity variances.

6. Effect of low-shear Newtonian regions

The results presented so far are for the limiting case of power-law fluids: in (5), the low-shear
Newtonian plateau is reached only in small regions of the flow that do not affect the results.
The effect on the results of changing the onset of the Newtonian plateau is now addressed.

In Figure 12 we show results for the drag coefficient of a cylinder in a square array as a
function of the dimensionless parameter I' = yga/U for n = 0.5 and 0-8 with solid area
fraction 0-1 and 0-3. The results for off-axis flow (6 = 45°) are seen to be similar to the on-
axis results. For small values of T" the drag coefficient and velocity variances will converge to
the results presented above for the power-law limit. At large enough values of I the shear rates
in the entire domain are not sufficient for the fluid to depart from the Newtonian behaviour,
resulting in,

Ca(p,n,T)=TY"Cy(p,n =1,T — 00) (I < 1). (30)

We see from Figure 12 that the numerical simulation results simply exhibit a smooth transition
between the two asymptotic cases. A good approximation for a critical value I, at which the
low-shear Newtonian plateau causes a significant change from the power-law results presented
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Figure 13. The distribution of the ratio X defined by (33), indicating the areas where elongation is important. The
dark regions correspond to low values of X. Solid fraction ¢ = 0-3, power-law index n = 0-8.

above, can thus be obtained simply from the point of intersection of the two asymptotes, i.e.,

1/2 2
L. = (Ca(gp,n)/Ca(gp, LY = (i) (f) : (31)

Pmax a

where we have used (16). Alternatively, in the definition of I'. a shear rate other than U/a
could have been used to absorb the right-hand side of (31). We note that this estimate of
", is independent of the value of the power-law index n and that T, is O(1) only for low
area fractions, and increases with ¢. The results presented above for the power-law fluid limit
are therefore applicable for a wide range of flows involving fluids whose behaviour can be
approximated with the truncated power-law model. A departure from the power-law fluid
result occurs only for a very low pressure drop across the array.

From the results presented in Section 5 it is clear that the two limiting cases for the velocity
variances (power-law at small T", Newtonian at large I') yield virtually identical values, and
our simulation results for intermediate values of I" indicate that the power-law fluid results
presented above can be used for any value of T".

7. Extensional viscosity

In the truncated power-law fluid model no effect of extensional thickening is accounted for.
However, previous work [12, 11] suggests that, despite the diverging/contracting geometry of
periodic arrays of cylinders, the flow in these geometries is dominated by shear, not extension.
In this section we investigate the cause of the dominance of shear.

A model that combines truncated power-law shear viscosity with extensional thickening
was proposed by Schunk and Scriven [39]. The local viscosity is a weighted average of
the truncated power-law shear viscosity and the extensional-thickening viscosity. The weight
factor is an indicator of the importance of the rate of rotation of the fluid with respect to the
principal axes of the rate-of-strain tensor, and the magnitude of rate-of-strain tensor. If the fluid
rotates rapidly with respect to the principal axes of the rate-of-strain tensor, a fluid particle
will not be elongated significantly and the viscosity becomes equal to the shear viscosity. In
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regions of large strain rate or low relative rotation the elongation is large and the fluid viscosity
increases.

Denoting the ith principal axis of the rate-of-strain tensor by €, its relative rotation with
respect to a fluid particle is,

. e . 1
Wre|=e‘x(z—t+V-Ve‘)—§VxV. (32)

A measure of the rate-of-strain is the second invariant I1, and the rate of relative rotation
compared to the magnitude of the rate of strain is,

X = Wl /11 (33)

Effects of elongation are expected to be large in areas where X is less than unity [39].
In accordance with the model of Schunk and Scriven [39], we have used a Carreau-type
shear viscosity in this case,

n= Mo — (oo — No) (1 + AT D/2, (34)

In Schunk and Scriven’s model an analogous expression for the extensional viscosity is used,
and the total local viscosity is a weighted average of both viscosities, the weight factor being
a function of X.

In Figure 13 the areas where X < 1 are shown for n = 0-8 and solid fraction ¢ = 0-3;
other cases yielded very similar results. We found that X is not much affected by a difference
between shear and extensional viscosities, so we have used (34) here as the total local viscos-
ity. X is seen to be smaller than unity only for a narrow band around the plane of symmetry
and a ring around the centre of the domain. The ring coincides with the place where the
transition occurs between the low-shear Newtonian plateau and the power-law range in the
shear viscosity. We saw in the previous section that the area around the plane of symmetry
does not contribute significantly to the results. In most of the rest of the domain the flow
is dominated by the effects of shear. In the thin areas of X < 1 just above and below the
cylinders X becomes small not because of large strain but because large shear makes IT larger
than |Wi|.

The results for low solid fraction are very similar; the area around the symmetry plane
where X < 1 does not grow. Of course, the rate of extension is already small in that case. For
the more concentrated arrays, the streamlines are not very curved: because of the existence of
recirculation zones between the cylinders the flow is similar to a channel flow. A case where
extension could be very important is the flow through a first (or single) row of cylinders rather
than an infinite periodic array, similar to the flow through a contraction for which extension is
known to be important [40, 41].

8. Time-dependent flows

We now investigate whether it is possible to approximate the drag force in unsteady flows
from the steady state results presented above, following an argument developed by Hill, Koch
and Ladd [22] for Newtonian fluid flows through fixed arrays of spheres. For a uniform bed,
with a constant pressure gradient turned on at r = 0, equation (1) becomes,
av ¢
— =—(Fx—F), 35
Par = a2 ) (35)
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where F and F,, are the time-dependent and steady-state force (per unit cylinder length)
exerted on a cylinder, respectively (F,, represents the driving pressure gradient in the bed). A
general approximation for the time-dependent force on a cylinder is,

— dv
F=CyKat™V" + 1+ ca)naZE, (36)
where C, is the added mass coefficient. The second term on the right-hand side is the accel-
eration reaction or added mass force. The history force is generally dominated by either the
quasi-steady drag or the inertia term in (36) and represents a small correction to (36) [42].
After substituting (36) in (35) and rearranging, we have

v,
dt,

— st (1 . V:) , (37)

where V,, = V/ V., (V. is the steady-state cell-averaged fluid velocity), t, = tp"*Ka=1™"
vt and

St=n(1+ ¢+ C,)/Ca, (38)

is an effective Stokes number. The time-dependent force acting on a cylinder can be obtained
from substituting the solution of (37) into (36).

Hill, Koch and Ladd [22] showed recently that for long time periods, as the (Newtonian
fluid) flow converges to the steady state solution, the added mass coefficient of a sphere in a
periodic array can be obtained from a simplified energy balance. By assuming at long times
that the flow is quasi-steady, the time rate of change of Kkinetic energy in a frame moving
with the averaged velocity can be equated to the rate of work done by the quasi-steady drag
force, Hill, Koch and Ladd [22] showed that the added mass coefficient is related to the
dimensionless velocity variances through

Ca = Rkk/¢ -1 (39)

In Figure 14 we present some examples showing how well the solution of (37) with (38—
39) agrees with our numerical simulation data, even for relatively short times. In Figure 15,
values of St obtained by fitting (37) to the simulation data are shown. The lines indicate the
analytical result (38-39), where we have used (16) and the velocity variance Ry, averaged
over the power-law index n. The quasi-steady theory is seen to be in excellent agreement for
a range of power-law index and solid fraction. The slight deviation at low » is due to the
approximations used for Ry.

9. Conclusions

Numerical results have been presented together with lubrication theories for the flow of trun-
cated power-law fluids through square and hexagonal arrays, both off-axis transverse flows
and longitudinal flows. The strong dependence of the steady-state drag coefficient on the
power-law index was shown to be caused by the choice of velocity and length scale in the
definition of the drag coefficient. Comparison between velocity profiles for different power-
law index (n) values confirm that the typical length scale of the flow is approximately inde-
pendent of n. Hence, the drag coefficient defined by (14) can be approximated by (16), with



78 PD.M.Spdtetal.

11— —

0.9 - o

,
AN

0.8

L
i
0.7 f+ / 7
I
8 06[F
i
> o5}
0.4 i
03/ 7
0.2

| j
i
0.1l
i

) S S T Y N S

o
o
)
o
o
2]
o
Q3
a

Figure 14. Cell-averaged fluid velocity V divided
by its steady-state value Vs, from numerical sim-
ulations for on-axis flow through a square array
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Figure 15. Effective Stokes number for transient on-
axis flows through square arrays as a function of
power-law index n, obtained from fitting the numer-
ical solution of (37) to the full numerical simulation
data for ¢ = 0-1(0), ¢ = 0-2 (A) and ¢ = 0-5 ().
The lines are the quasi-steady theory (38-39), where

C,4 was obtained from (16) and the n-averaged
values of Ry were used.

L/a replaced by £/a. L£/a can be inferred from Figure 4 for a range of geometries, and
depends only on the solid area fraction ¢ and the geometry of the array.

For off-axis flows of shear-thinning fluids the drag force was shown to be generally less
aligned with the nearest axis of the array than the averaged velocity: due to the nonlinear de-
pendence of the drag on the fluid velocity, it is more difficult to force power-law fluids through
an array in a direction other than an axis of the array. The low-shear Newtonian behaviour of
the fluid only affects the results for very low flow rates, and then in a straightforward manner.
Elongation was shown to be important only in areas around the axis of symmetry; elsewhere
the flow is dominated by shear effects. The steady-state results for the drag coefficient and
velocity variances have been used to predict the transient behaviour as the fluid is accelerated
from rest.

The finding that for creeping flows of power-law fluids through arrays of circular cylinders
the drag can be scaled to become virtually independent of the power-law index is useful
for the understanding of other inelastic non-Newtonian fluid flows. In a companion paper
[14], we present results for the corresponding flows with finite inertia and show that simple
scaling arguments can be used for the correction to the drag coefficient due to finite Reynolds
numbers. In [34] we show that results for creeping flows of power-law fluids through arrays
of elliptical cylinders follow similar trends to those presented here.
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